
Lecture 344
.

• Complex tori

• Line bundles on a complex tones

• AlgebraTzability of JCC) .

Reference : Mumford , Abelian Varieties , 1970 .



§1
. Complex Tori

Def A complex torus X is a compact , connected
complex Lie group .

so , the multiplication map
m : Xx X - X

and the inverse map
c : X - X

are holomorphic . dim¢X = g .

Local geometry of X is determined by the geometry
near e E X

g
- i

: X X
g- E



Let V - TeX -

- tangent space at the identity e .
We have the exponential map

exp :TeX →X

-
Hq,y¥ eettinegmeantame at
expert = you,

X ti Col = v

cheat . exp is a surjective group homomorphism
- Ker (exp)= : P C Tf is a full lattice (⇐ Zod ) .
•

exp : V → X is the universal cover
.

⇒ X EV
-

IT ← this explains the notation

examples . X = JK) = Hoc Kc)4th (C.Z)
• X = Pico CC)



A Singular homology

X = te ⇒ X = home.
'II

.

It : V → X : univ . cover ⇒ IT, (X. e) IT

Since T is abelian
,
Hi CX . Z) E T and

H 'CHA) = Hom ( th (X.Z) .# = Hom# ( T .
E )

.

Z

we have Cup product map
NPH ' IX. Z )- HMX

. Z)
which is an isom ( because X -4819) . Hence

HMX
.
Z) = AP Hom lt . Z)

.



§ 2
.

Outline
X : complex tones of dim =L .

Q) when X is a projective variety ? ie

X- PY X - VCF
,
- - -Fm) ?

• When 932
, general complex tones is NOT a prog

variety .

• By Theorem of Chow , any closed analyte
subset of plume is Zariski dosed in P'Yoe

.

This question is relatedas find a nice ( very ample)
line bundle L on X : so ,

- - ' Sr f HTX. L)

YL : X - - -) ppm x - [ so Cx) : - - i snap

0g Any compact , holomorphic manifold has
at most one algebraic structure .

( not true for non compact holo . manifold)



Og when X is a Q - tones .

Xialg variety ⇐ X : projective variety .

PLAN :
-

cel line bundles onX , sections ?

195) properties of L which make 4h : closed
Embedding

(%) Riemann 's bilinear relations & positivity
→ lime bundle on 3G)
→ prove JCC) as D8 .



Digression : non- algebraicTty of general tori .

Nice feature of X CDN : We
't

have enough
hyperplanes !
Lemme Let X" C IPN be a nonsingular proj var.
Then I nonstngular divisor DCX St

[D] E Hana (X. Z)

is nonzero .

Pf) Let x EX and H CDN : hyperplane passing
through x .

.

For general H, D := Hn X : nonsingular .
(Theorem of Bertini )



Similarly , for general CN -n-11) plane L
through x ,

C = L n X

is a monstergular curve on X which intersect
D transversely .

ie T.cc ⑦ TxD= TxX .

Nontriviality of D can be captured by the
intersection product .

[ D]
.
Cc] 3 # Ccn D) > o

⇒ [ p] to hit



Let X = IT
.
2dam 'd Q - torus

Choose a basis {d. p.t.SI of T .=Hi(X.Z).
→ tkcx.tk/--2GnB

,

Lrv
.
and

, pit . Prf
Tnf )

Let dzi.dz, C- H' (XX) : holomorphic 1 forms on X .

J
,
dzr = Ln & J

,
dzz = Lz

.

heap -

- l : h: I. ftp.?er..oama*#
encodes complex structure
on X



w = dz , ndzz C- HZCX . K) : holomorphic 2-form on X
.

Check fans, w = det ( T
. Bp's ) .to

so the action

w n : Hal X . Z ) - f
-

is determined by the manors of P .

For general choice of T ,
minors of P is

E - linearly independent . ie if DE HIX ,ZI,

↳ w - o ⇐ D= o
.

If X is projective, Znonstngular curve DCX
s.t [DJ to . However

↳ w =o be w : holomorphic
storm

.

-

'

.
For general t.CZ/P is not projective .

( it really depends on the complex structure of )

-



§3 Group cohomology .

* G : discrete group ,
M : ZCG] -module

.

Let (abelian group with G-actor)
( IG : 2167 - Mod → Ab

defined by
µ G = { meM / g- m - m kg C-GI

.

(t G Ts a left exact functor .

Def HPCG .
H) : = HP ( ⑨CM) G )

.

As a chain complex :
CPCG.M) = { f : G P - M /
S : CPC G. M) → CPT' CG

-
M )

f 1- (Sf) Coo - - op. ) = Oof Loi , - - ;Op)
multiplied

t.IO
'

C-hit'f Coo
.

-- Toi .
.

- - op )

+ C- DP" f ( Oo
,

- - -

, op) .
Then

HPCG.nl = HP ( C. CG
.

M)
,

S )
.



Ege . Ho CG .
M) = M G

• H ' CG .
M) = { f : G →M / f cab) = f ca) t af Cbs }
-

{ fi G → M ) f ca) = am -m
,

⇒ME MS .
If G Q M trivial , H ' CG .M) = Hom C G. M)

.

A

group homomorphisms

-



Let Y : Hausdorff space GG . freely , disastrously.
(ie k

y EY ,

I Uy ay et Uy ng(Ug ) = to tote ) .

I : Y- YIG = :X
. quotient map

Prof For any sheaf of abelian groups Fon X,
there exists a morphism

lo : HPCG
.

Hoc's
.
it
-'f ) )→ HPCKF)

.

If Hi ( Y
,
IT-15-1=0 Kiso , then lo is an Bom

.

↳ Usual Grothendieck spectral seq argument .

1¥ Let X -VIP .

Since Vis contractible , H'Tv.zI=o
and

His p
.
¥ , E- H' ( x.Z )

" "

Hom ( T .Z) Hom CHICKZI
,
Z) -Hom ( I?Z)



§ Line bundles on X.= T .

Bhtckpox HP ( f" , O¢H=o tip so .

↳ In particular any holomorphic live bundles on

are trivial .

Let L E H' (X.051
.

X : a
*L =- Vx $
U G

T P

St L E V xCllr is VIP --X
(Z . d) 1- (Ztt

,
eylz) .X ) t EP .

for some eye HolV.of ) .

• Group action ⇒ eyed 171 = et (Ze t 't et ' Cz)
.

In order to understand deme bundles :

GH' Cx .0×1 - H' Cx
.0¥ )- H'CHE)

.

-

V : simply connected ⇒
• → Z → Hoc v.Or )esH9v .

→ o

ll l'

H H't
exact

.
and we have a diagram



#F '
- E

{ e. le H' (r . H 't ) -8 HTT. #I NH 'CRE)

4µm a 44 / su !Ayo
u L

CLI e H' (X . 0×9 H' IX. It) ITH' CHE)

let's start from the image of a
It's easy to compute Sleater ) : take a
lift fr E H

,
te e

#i fit CZ) = er Cz)
. Then

Sle. I -- F , where

f- (fats) = fy
,

Attn) - fi
, +aft + for HI .

C- 7£

(8)
The Cup product induces an isomorphism

NH'll? #1=-441?Z)
u

E- Hath =FHitz) - f- Hz.tl T F

Check If we extend E IR - linearly to VXV→ IR ,
Felix

, iy) = Else -y) .



• kernel of a
.

Def A Hermitian formers H : VxV - Cl St

(91 H TS Cl - linear on the first factor
(99) H Cz,wi = HCw.at .

Def A Hermitian form is a Riemann firm with

respect to a lattice PCT tf
ImH C T xT) C Z

.

Ey A- Ziwei ⑦ Kwai .

C ¢
2-WH(Ecw) =
¥wwTT '

Lemme There is a bijection

{ 'ITT!'T Iff of Real alternating
frm

E : VXV-7112
, ECix.iyt-EH.gl )

H - Im H

E ( ix.y) t TEGuy) c-I E-


